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AERONAUTIC SYMBOLS 
1. FUNDAMENTAL AND DERIVED UNITS 



Symbol 



Length- 
Time___ 
Force. _. 

Power. . 
Speed. _ 



I 
t 

F 



P 
V 



Metric 



Unit 



meter 

second 

weight of 1 kilogram. 



horsepower (metric), 
fkilometers per hour. 
\meters per second 



Abbrevia- 
tion 



m 
s 

kg 



k.p.h. 
m.p.s. 



English 



Unit 



foot (or mile) 

second (or hour)_- 
weight of 1 pound 

horsepower 

miles per hour 

feet per second 



Abbrevia- 
tion 



ft. (or mi.) 
sec. (or hr.) 
lb. 



hp. 

m.p.h. 
f.p.s. 



2. GENERAL SYMBOLS 



W, Weight 

gj Standard acceleration of gravity = 9.80665 
m/s2 or 32.1740 ft./sec.^ 

m, Mass== — 

7, Moment of inertia =mP. (Indicate axis of 

radius of gyration k by proper subscript.) 
Hy Coefl&cient of viscosity 



V, Kinematic viscosity 

p, Density (mass per unit volume) 

Standard density of dry air, xO. 12497 kg-m"*-s^ at 

15° C. and 760 mm; or 0.002378 Ib.-ft."^ sec.^ 
Specific weight of ^^standard'^ air, 1.2255 kg/m^ or 

0.07651 Ib./cu. ft. 



3. AERODYNAMIC SYMBOLS 



0, 
b, 
c, 

S' 
V, 

2. 

L, 

D, 

Do, 

D„ 

D„ 

C, 

R, 



Area 

Area of wing 
Gap 
Span 
Chord 

Aspect ratio 

True air speed 

Dynamic pressure =^py^ 

Lift, absolute coefficient Cl=-^ 

Drag, absolute coefficient ^^^^ 



Do 



Profile drag, absolute coefficient (^do=-^ 
Induced drag, absolute coefficient Cz)^=^ 
Parasite drag, absolute coefficient (^Dp=^ 



Cross-wind force, absolute coefficient Cc= 
Resultant force 



VI 
p — ^ 



iu,, Angle of setting of wings (relative to thrust 
line) 

it, Angle of stabilizer setting (relative to thrust 
line) 

Qj Resultant moment 

fi, Resultant angular velocity 

Reynolds Nmnber, where Hs a Imear dimension 
(e.g., for a model airfoil 3 in. chord, 100 
m.p.h. normal pressure at 15° C, the cor- 
responding number is 234,000; or for a model 
of 10 cm chord, 40 m.p.s., the corresponding 
number is 274,000) 
Center-of-pressure coefficient (ratio of distance 

of c.p. from leadmg edge to chord length) 
Angle of attack 
Angle of downwash 
Angle of attack, infinite aspect ratio 
Angle of attack, induced 

Angle of attack, absolute (measured from zero* 
lift position) 
7, Flight-path angle 



«0, 
day 



REPORT No. 697 



INVESTIGATIONS 
ON THE INCOMPLETELY DEVELOPED 
PLANE DIAGONAL-TENSION FIELD 

By PAUL KUHN 
Langley Memorial Aeronautical Laboratory 



NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 



HEADQUARTERS, NAVY BUILDING, WASHINGTON, D. C. 



Created by act of Congress approved March 3, 1915, for the supervision and direction of the scientific study of the proV)leins 
f\\s,hi {V. S. Code, Title 50, Sec. 151). Its membership was increased to 15 by act approved March 2, 1929. The members a 
appointed by the President, and serve as such without compensation. 



Vannevar Bush, Sc. D., Chairmariy 

Washington, D. C. 
George J. Mead, Sc. D., Mce Cliairvian^ 

West Hartford, Conn. 
Charles G. Abbot, Sc. D., 

Secretary, Smithsonian Institution. 
Henry H. Arnold, Major General, United States Army, 

Chief of Air Corps, War Department. 
George H. Brett, Brigadier General, United States Army, 

Chief Materiel Division, Air Corps, Wright Field, 
Dayton, Ohio. 
Lyman J. Briggs, Ph. D., 

Director, National Bureau of Standards. 
Donald H. Connolly, B. S., 

Administrator of Civil Aeronautics. 



Robert E. Doherty, M. S., 

Pittsburgh, Pa. 
Robert H. Hinckley, A. B., 

Assistant Secretary of Commerce. 
Jerome C. Hunsaker, Sc. D., 

Cambridge, Mass. 
Sydney M. Kbaus, Captain, United States Navy, 

Bureau of Aeronautics, Navy Department. 
Francis W. Reichelderfer, Sc. D., 

Chief, United States Weather Bureau. 
John H. Towers, Rear Admiral, United States Navy, 

Chief, Bureau of Aeronautics, Navy Department. 
Edward Warner, Sc. D., 

Washington, D. C. 
Orville Wright, Sc. D., 

Dayton, Ohio. 



George W. Lewis, Director of AeronaiUical Research S. Paul Johnston, Coordiriator of Research 

John F. Victory, Secretary 
Henry J. E. Reid, Engineer in Charge, Langley Memorial Aeronautical Laboratory, Langley Field, Va. 
Smith J. DeFrance, Engineer in Charge, Ames Aeronautical Laboratory, Moffeit Field, Calif. 



TECHNICAL COMMITTEES 
aerodynamics aircraft structures 

POWER plants for AIRCRAFT AIRCRAFT ACCIDENTS 

AIRCRAFT MATERIALS INVENTIONS AND DESIGNS 

Coordination of Research Needs of Military and Civil Aviation 

Preparation of Research Programs 
Allocation of Problems 
Prevention of Duplication 
Consideration of Inventions 

LANGLEY MEMORIAL AERONAUTICAL LABORATORY AMES AERONAUTICAL LABORATORY 

LANGLEY FIELD, VA. MOFFETT FIELD, CALIF. 

Conduct, \mder unified control, for all agencies, of scientific research on the fundamental problems of flight. 

OFFICE OF AERONAUTICAL INTELLIGENCE 

WASHINGTON. D. C. 

Collection, classification, compilation, and dissemination of 
scientific and technical information on aeronautics 



REPORT No. 697 



INVESTIGATIONS ON THE INCOMPLETELY DEVELOPED PLANE DIAGONAL- 
TENSION FIELD 

By Paul Kuhn 



SUMMARY 

Actual diagonal-tension beams work in an inter- 
mediate stage between pure shear and pure diagonal 
tension; the theory developed by Wagner jor diagonal 
tension is therefore not directly applicable. This paper 
presents the results oj investigations on the incompletely 
developed diagonal-tension field. 

The first part oj the paper briefly reviews the most 
essential items oj the theory oj pure diagonal tension as 
well as previous attempts to jormulate a theory oj incom- 
plete diagonal tension. A simple semiempirical theory 
oj incomplete diagonal tension that includes the cases oj 
pure shear and oj pure diagonal tension as limiting 
cases is then presented. 

The second part oj the paper describes strain measure- 
ments made by the N. A. C. A. to obtain the necessary 
coefficients jor the proposed theory. Some measurements 
oj buckling deflections were also made by the N. A. C. A. 
Strain measurements and deflection measurements made 
elsewhere are evaluated in the light oj the proj^osed theory. 

The third part oj the paper discusses the stress analysis 
oj diagonal-tension beams by means oj the proposed 
theory. 

An attempt has been made to utilize all available 
material so that the current state oj knowledge on the 
stress analysis oj diagonal-tension beams might be 
presented in ajorm usejul to the stress analyst. 

INTRODUCTION 

The basic concept of diagonal-tension beams was 
introduced into aeronautical literature by Wagner in 
reference 1, which presents a very complete theory. 
The principles of this theory, insofar as they interest 
the practical designer, are summarized in reference 2. 
Brief reviews of the basic principles of the theory are 
also given in a number of other articles and textbooks, 
such as references 3 and 4. 

Experience has shown that the theory of diagonal 
tension as presented in references 1 to 4 is, in many 
cases, entirely too conservative. The principal reason 
for the discrepancy between theory and experimental 



data is evidently the fact that the sheet continues to 
carry shear, that is, diagonal compression, after buck- 
ling so that the state of pure diagonal tension is ojily 
a theoretical limiting case which is asymptotically 
approached but never reached in an actual structure. 
Wagner himself published, in reference 5, the results of a 
series of tests designed to give empirical data for in- 
complete diagonal-tension fields, but doubts have been 
voiced about the applicability of the results to diag- 
onal-tension beams of practical proportions. Tiie 
N. A. C. A. therefore conducted an investigation of 
diagonal-tension beams, the results of which form the 
subject of this paper. 

The paper is divided into three parts. The first part 
deals with the theory. Wagner's theory of the pure 
diagonal-tension field is briefly reviewed, as are pre- 
vious attempts to develop a theory for the incomplete 
diagonal-tension field. A simple semiempirical theory 
for the incomplete diagonal-tension field is then pre- 
sented; this theory includes as limiting cases the cases 
of pure shear and of pure diagonal tension. The buck- 
ling under shear stresses of unstiffened sheet and of 
stiffened sheet is discussed. 

The second part of the paper deals with the experi- 
mental results. Strain measurements made by the 
N. A. C. A. are described; these tests were used to estab- 
lish the coefficients for the proposed semiempirical 
theory. The results are well confirmed by measure- 
ments made by the Douglas Aircraft Co. on a large 
beam; thanks are due the Douglas Co. for their cour- 
tesy in permitting the publication of these results. On 
three of the N. A. C. A. test set-ups, the buckling de- 
flections of the uprights were measured; these tests as 
well as other tests on buckling are discussed. The 
N. A. C. A. tests were performed in the spring and sum- 
mer of 1939 by Patrick T. Chiarito of the Laboratory 
staff. 

The third part of the paper shows how the results of 
this izivestigation are applied to stress analysis. 

The three parts of this paper are largely independent 
of each other, but it is recommended that part I be 
read before using part III. 

1 
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I. THEORIES OF DIAGONAL-TENSION ACTION AND 
AUXILIARY THEORIES 

THEORY OF THE PUKE DIAGONAL-TENSION FIELD 

The theory of beams with webs working in pure 
diagonal tension was presented by Wagner in reference 
1 . It assumes that the sheet constituting the web of the 
beam has no bending stiffness. Under the action of the 
shear stresses, the web will then form a large number of 
narrow and shallow folds inclined at an angle a to the 
flanges; the stress in the sheet is pure tension in the 
direction of the folds. The theory given in reference 1 
is so comprehensive that no additional contributions of 




Figure l.— Diagonal-tension beam. 

great importance have been made since it was published. 
Mention might be made of the study given in reference 
6 dealing with beams having sharply inclined flanges. 

The essential principles and results of the theory have 
been given in several places, for instance, in references 
2, 3, and 4, and are sufficiently well known to aero- 
nautical engmeers to obviate very detailed discussion 
here. It will suffice to recall that the basic case is that 
shown in figure 1. If the flanges and the uprights are 
heavy, the angle a is 45°; the compressive force on each 
upright is then 



(1) 



Eacli flange is acted upon by the i)riniai y beani foi 
F=Mlh and l)y a compressive force 

S 



(2) 



tlial ))alances I lie liorizontal component of the diagonal 
(elision in (lie siieet. The tensile stress in the web is 



C2 htC2 



(3) 



where t is the thickness of the sheet and r is the nominal 
shear stress, while C2 is a stress-concentration factor 
that depends on the flexibility of the flanges (references 
1 and 2). The factor Cz was given by Wagner as a 
function of a flexibility parameter designated o)d and 
defined by 



t 



(4) 

where It and Ic are the moments of inertia of the ten- 
sion flange and the compression flange, respectively 
(references 1 and 2). 



The secondary bending moments in the flanges 
caused by the vertical component of the diagonal ten- 
sion are given by 

M=k,iCSd'lh (5) 

where kM^Yn over the uprights and fcjvf^K* midway 
between the uprights. The factor Cx again depends 
on the flexibility parameter uid (references 1 and 2). 

For convenience, the graph showing L\ and To is 
r(^produced here from reference 1 as figure 2. 

If each flange is inclined at a moderate angle 6/2 to 
the horizontal axis of the beam, the shear S in equations 
(1) to (5) is the web shear given by 

S;^=S^-Mtan5 (6) 



where Se is the external, or applied, shear. 

Beams that differ materially from the basic case, for 
instance, beams with inclined uprights or sharply in- 
clined flanges or beams with axial load, wiU not be 
discussed in this paper. 

PREVIOUS THEORIES OF INCOMPLETE DI AGONAL-TENwSION FIELD 

Practical experience has shown that the theory of 
pure diagonal tension is, in many cases, entirely too 
conservative. The principal reason for the disagree- 
ment between theory and experiment will be found by 
considering the stresses due to shear acting in the web 




6 
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Fir.uKK 2.— Thoorotical stress factors for i)ure (iia^'onal tension (from rcfcrcncj! 1). 



sheet after buckling; the stresses in the web due to beam 
action are neglected in this discussion. 

The state of pure shear that exists up to the buckling 
point in the web is equivalent to tensile and compres- 
sive stresses of equal magnitude acting at angles of 45° 
to the horizontal and the vertical axes. In the pure 
diagonal-tension field, the compressive stress is zero 
and the tensile stress is twice as much as it would be 
in the corresponding state of pure shear. As the shear 
force on a beam web increases beyond the budding 
point, however, the compressive stress corresponding 
to the shear does not vanish suddenly and completely. 
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Some eompressive stress eontimies to exist, aiul this 
diagonal compression combines with part of the diag- 
onal tension into a shear stress. As the shear (owe 
increases to higher and higher values, the relative im- 
portance of the compressive stress decreases and the 
condition of pure (hagonal tension is approached mow 
and more closely but is never quite reached in an actual 
beam. The finite strength of the material will pei-mit 
a failure* before the diagonal-tension field is fully (l(*v(*l- 
oped; in other words, practical design has to deal with 
webs constituting an incompletely developed diagonal- 
tension field somewhere between the limiting stages of 
pure shear and pure diagonal tension. 

A number of authors have adopted an assumption 
sometimes used in the analysis of trusses with doubh* 
diagonals, namc^ly, that the compressive stress n^mains 
constant after buckling and equal to the stress at 
buckling. Under this assumption, only the excess 
stress over the buckling shear stress is converted into 
diagonal tension, while a shear stress equal in magni- 
tude to the buckling stress is carried by the sheet as 
true shear. This assumption can be written 

Tdt= r— Tcr=r(l — Tcr/r) (7) 

where r is the purely nominal applied shear stress S/hty 
tdt is the part of the applied shear stress that is carried 
as diagonal tension, and Tcr is the critical stress that 
continues to exist as a true shear stress. The second 
form of writing the expression indicates that the diag- 
onal tension is a function of the ratio tct/tj which is the 
inverse of the loading ratio r/rrr, that is, the ratio of the 
applied stress to the buckling stress or of the applied 
load to the buckling load. 

Wagner himself proposcnl (reference 7) to apply the 
assumption expressed by equation (7) to the analysis of 
curved diagonal-tension fields. In such fields, the load- 
ing ratio t/tct at the design load probably never exceeds 
10 and is generally below 5 because the folds become 
objectionably deep soon after buckling occurs and 
permanent set and failure soon follow. 

In plane diagonal-tension fields, the loading ratio is, 
as a rule, much higher than in curved fields and equa- 
tion (7) was experimentally found to be inadequate to 
deal with such cases. Realizing this weakness of the 
theory, Wagner conducted (experiments (reference 5) 
that were intended to give empirical relations for the 
stresses in incomplete diagonal-tension fields. Ques- 
tions have been raised, however, about the direct ap- 
plicability of the test results to practical design. 

Schapitz (references 8 and 9) developed a theory of 
the incomplete diagonal-tension field, including at the 
same time the effect of superposed normal stresses on 
the panel. He began with an assumption on the stress 
distribution within the panel, leaving one basic param- 
eter (two for curved panels) free to be adjusted so 
that the results would fit experiments. Like all other 
authors preceding him, he assumed the diagonal com- 
pression to be constant after buckling. Attempts to I 



correlat(* this theory with the N. A. C. A. tests have 
been unsuccessful. 

PROPOSED NEW THEOKY OF INC.'OMPLETE 1)1 AliON AL TENSION 

FIELD 

Test observations have shown that the behavior of 
a shear web working in partial diagonal tension is oi'irn 
quite irregular and is apparently influenced by a TiunibrM- 
of factors which caiuiot be evaluated. This obscM'vation 
is, of course, merely a repetition of similar experiences 
in the study of built-up structures of t h'iu slwci mcinl, 
but it again em])hasizes the fact that too much accuracy 
should not be expected from a ''rigorous" and perluips 
mathematically very elaborate theory if (he pliysical 
action of such complicated structures (h^pends on en- 
tirely too many unknown and iuico7itrolla})le factors. 
In view of the fact that the ultimate aim of any engi- 
neering theory of stresses is application to practical de- 
sign work, it seems rational under such circumstances to 
develop a theory with an eye toward ease of appli- 
cation. 

A modification of the theory given in reference 10 
for curved diagonal-tension fields was found to describe 
the experimental facts with an accuracy compatible with 
the scatter of the test points. The basic assumption of 
this theory is that the total shear force in the web can 
be divided into a shear force carried by shear in the 
sheet and a shear force carried by diagonal tension; 
this assumption may be written as 

S=Ss-\-Sdt 

or 

SoT=kS and Ss= (1 -k)S (8) 

where k is the fraction of the total shear that is carried 
as diagonal tension. 

The diagonal-tension fraction k is assumed to be 
given by the expression 

k=(l-rjr)' (9) 

The form of this expression was suggested by formula 

(7) . According to Wagner (reference 5), the degree of 
development of the diagonal tension is a function of 
(Ttz/r, where au is the compressive stress in the upright. 
Experimental values of n derived from the N. A. C. A. 
tests to be described in part II were therefore plotted 
against au/r; the relation between n and au/r could be 
expressed by 

n=l+5ajT (10) 

For beams with very heavy uprights (o-jy-^O) the 
assumption expressed by equations (8), (9), and (10) 
reduces to that given by equation (7) ; that is, the true 
shear in the sheet remains constant after the buckling 
load is passed. For finite values of au, however, the 
true shear continues to increase according to equations 

(8) , (9), and (10) after the buckling load has been 
passed. This distinction is the main dift'erence between 
the proposed new theory and the existing theories. 
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It is assumed, at variance with the assumptions of 
reference 10, that a certain effective width of sheet aids 
the uprights in carrying the compression stresses due 
to the vertical component of diagonal tension; similarly, 
a certain effective width of sheet is assumed to aid the 
flanges in carrying the compression stresses due to the 
horizontal component of diagonal tension. In each 
case, the effective width is assumed to be proportional 
to the amount of true shear stress in the sheet; the 
effective cross-sectional area of the upright is therefore 

A,=A,+ {\-k)td (11) 

where Au is the area of the upright proper; the effective 
area of each flange is 

A^=Ap+]i(l-k)ht (12) 

The manntn- of measuring the areas and the distances 
of the preceding equations is indicated in figure 3. 

Before the effects of the diagonal tension can be 
com})ut('(l, the angle a of the diagonal tension nuist hv 









f — 
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Figure 3.— Conventions for measiiriufj distancos and areas. 

found. It should be borne in mind that the direction of 
the folds is of no interest; only the direction of diagonal 
tension is of interc^sl. In tlie pure diagonal-tension 
field tlu^ (lii'(K*tion of ihr diagonal tension coincides with 
\]w diicH'tion of tlu^ folds. In the incomplete diagonal- 
tiMisioii field, however, there is no such simple relation, 
(juite asi(h' from tlie fact that the shape of the sheet 
shortly after passing the buckling load can hardly be 
described as a series of straight nnd parallel folds, as a 
glance at the contour map of th(^ deflection surface will 
show (references 4 and 11). A general qualitative 
consideration of the theory of buckling under shear 
stresses (references 4 and 11), of pure diagonal-tension 
theory (reference 1), and of all available test results led 
to the conclusion that it should be sufficiently accurate 
to assume the angle of cHagonal tension a to be 45° when 
dealing with beams reasonably close to the basic case of 
figure 1. If the average actual angle differs from 45° 
(according to Wagner, it is about 40° or 42° for pure 
diagonal tension), the difference will be automatically 
taken care of by the experimental (h^termination of the 
exponent n in equation (9). The importance of varia- 
tions of a due to change of design proportions within 



probable limits will be overshadowed by scatter due to 
unknown and uncontrollable causes. 

With the assumptions previously enumerated, the 
formula for the stress in an upright is obtained by 
combining equations (1), (8), and (11) as 

kSd kSd krtd 



hAue~h[Au+ (1 -k)dt] Au+ {\-k)dt 



(13) 



The formula for the compr(»ssion stress in the flange 
caused by the diagonal tcMision is obtained by com- 
bining equations (2), (8), and (12) as 



kS 



kS 



dp- 



'2AFe 'lAr+i\-k)hi 



(14) 



Formula (13) must be solved by trial and error b(^caus(^ 
k is a function of au- A value of (Ju is assumed; 
n is calculated by formula (10); k, by equation (9); 
and, finally, <tu, by equation (13). If this value does 
not agree with the assumed value, the process is re- 
peated with an improved value. Three repetitions of 
the computation are usually sufficient to obtain a 
precision of about 1 percent or better, but the process 
is somewhat tedious because it involves fractional 
powers. 

Figure 4 is a chart thai eliminates the necessity of 
this calculation in most practical cases. In stress- 
analysis work, the shear stress r and the ratios r/r^r and 
Aultd will be given and aujr can be found from the 
chart, so that (tu is determined. The diagonal-tension 
fraction k can then be calculated from 

Aultd) 



k=^ 



(15) 



r{l + (Tu/r) 

or it can be found from figure 4 by inspection and 
can be found by using equation (14). 

The secondary bending moments in the flanges will 
be calculated by using equation (5) after substituting 
Sot for S. The values to ])e used for k^ wifl be dis- 
cussed in part II; the experimental evidence shows the 
thiMnH^tieal values Yn and ^4 to be unsatisfactory. 

The design chart of figure 4 corresponds to the 
design chart given by Lahde and Wagner in reference 
5. Comparison of the two design charts shows that 
the chart of figure 4 is considerably less optimistic than 
the one of reference 5; in order to Iceep the stresses in 
the uprights of a given beam down to a given allowable 
value, figure 4 demands a larger cross-sectional area of 
the uprights than does the chart of reference 5. 

BUCKLING OF FLAT SHEET SUBJECTED TO SHEAR STRESSES 

The exact solution for tlu^ critical shear stress of an 
infinitely long plate given in reference 11 includes the 
case of the plate with cl;inij)(Ml edges as well as the 
case of the plate with sup[)ortiMl edges. Approximate 
solutions for plates of finite length with supported 
(^dges are given by Timoshenko (references 4 and 12). 
A few approximate values for plates of finite length 
with clamped edges are given in reference 13. 
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T\\v (TilicMl stress cnn ])r (wprcsstnl by the <;'oiirral 
o(iualk)]i 

T,r=Kmihy (16) 
The values of K are given in figure 5, wliicli is based 
on average values from all tlu* sources just named. 

No solutions ai)|)eai- to liav(> Ixmmi |)u])lished for 
plates with some edgc^s ehimpcul and some edges sup- 
ported. Ap|)roximate values for K may o})tained 
for such cases by inter[)()la t ing bet\v(MMi tln^ two curves 



























\ 












< a — 












\ 
\ 








< 




\ t 
> b 












































^ges 


dor 


npec 


/ 




























































iges 


sup, 


oorf 


ed 





































































































































































n \ i 1 \ 1 \ \ \ \ 1 1 ^ 1 

7(9 /.4 1.8 2.2 2.6 3.0 oo 

alb 

Figure 5.— Critical shear stress for isotropic plates, r cr^ KE (t/h) 



of figure 5 with the ratio of the h^igth of the clamped 
edges to the total length of all four edges of the plate. 

BUCKLING OF ORTHOTROPIC PLATES SUBJECTED TO SHEAR 

STRESSES 

An anisotropic plate is a plate that has different 
elastic properties in different directions. It can be 
represented by a plate w^ith two systems of stiff eners 
attached to it. In the particular case in which the 
two sets of stiffeners are at right angles to each other, 
the plate is called orthogonally anisotropic or, briefly, 
orthotropic. If the uprights of a plate girder are 
arranged at right angles to the axis of the beam, the 
web with the uprights constitutes an orthotropic plate; 
in this case the second stiffener system at right angles 
to the main system is merged w^ith the plate; that is, 
the plate itself constitutes the second stiffener system. 

On reaching a certain critical shear load, an ortho- 
tropic plate will form buckles similar to the shear 
])uckles formed by an isotropic plate. This buckling 
involves the sheet and a large nmnber of stifl'eners at 
the same time and is therefore sometimes referred to as 
''general elastic instability" in order to differentiate 
it from ''local instability,'' which hivolves only the 



sheet ])an('ls between stiffeners. T\u\ critical shear 
force at which an infinitely long plate with supported 
edges begins to ])uckle is given ])y references 14 to 17 

as 

-S,.= 17.r,/^/|^/^/f (17) 

wh(M'(» / is the momcMit of inertia of one upright 
including the sheet and d is tin* distance between the 
C(Mit(M' lines of uprights. If the (ulges are clamped, 
the factor 27.8 is substituted for 17.5. It should be 
noted that clamping of the edges involves two rec{uire- 
ments: The sheet and the uprights must be clamped 
to the beam flanges, and the beam flanges must ])e pre- 
vented from twisting about their longitudinal axes. 
In actual structures, the flanges will probably be much 
closer to the supported condition than to the clamped 
condition. 

The half-w^ave length of the buckles is given by 

X-0.55/i^^ (18) 

for a plate with supported edges; for a plate with 
clamped edges, the coeflicient 0.55 is changed to 0..37. 

The theory is strictly valid only if the stiffener spacing 
d is infinitely close. For practical purposes, the in- 
fluence of finite stiffener spacing may be expected to be 
negligible if r/<X/3. The limit of applicability is 
reacluMl theoretically when d is about equal to X, but 
good agreement has been found experimentally in a 
few cases when this limit was slightly exceeded (ref- 
(H'ence 16). 

Equations (17) and (18) are obtained from the theory 
of references 14 to 17 on the simplifying assumption 
that the horizontal bending stiffness per running inch 
Jf^ = f/12 is negligible compared with the vertical 
bending stiffness per running inch Iv=I/d, or that 
the ratio \2ljdt^ is large. In the limiting case of a 
sheet without stiffeners, when this ratio equals unity, 
equation (17) gives a critical stress about 44 percent 
too low. 

It should be remembered that the theory of aniso- 
tropic buckling strictly applies only to a plate girder 
in which the wel) has not buckled between uprights into 
a diagonal-tension field. As long as the loading ratio 
is not too high, however, the theory should aj)ply 
reasonably well to diagonal-tension beams. 

BUCKLING OF UPRIGHTS IN DIAGONAL-TENSION FIELDS 

The uprights in diagonal-tension fields act as columns 
and are therefore subjected to the same general types 
of failure that occur in free columns, namely, primary 
column failure by general buckling or bending, pri- 
mary column failure by twisting, and secondary 
failure by local buckling or crippling (reference 18). 
The presence of the web, however, may modify the 
details of the failures and may materially change the 
stresses at which the failures occur, assuming that the 
uprights are riveted to the web as is standard practice. 
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Primary coliiinn Tailiirt^ by hiickliiiu' oiil of iUv \)liu\r 
of llie wc'b is the most ()])vioiis ])()ssil)ilUy of failure and 
was thoroughly investigated by Wagner in reference 1 
foi' the pure diagonal-tension fi(^ld. The web under 
diagonal tension acts as an elastic foun(hition for the 
uprights and stal)iliz(»s them against ])uckhng. Curves 
giving the ratios of the tlu^oretical buckling load IV of 
lh(» uprights to their iMder loads P,, wvvv shown in 
ref(M'ence 1 and ai'c rej)ro(luce(l lor coii\-cniciice in 
lignre (>. 

The load IV a|)j)h'es (hrectly only when (h(^ uprights 
are very long. In general, it will be necessary to com- 
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Figure 0.- Kohition hetwi'di Micoivtical fmcklinii loads I V of iipri^lils and Kiilcr 
loads. PE^ir'^EIIh^ (from itRtciicc I). 

j)ulc ihc en'ccti\-e column length A from thr foj-njula 



(19) 



With this ('H'ective length, tlu» elfective slemhM'ness 
ratio Ljp can be computed; the allowable stress is then 
obtained from the appropriate column curve. 

The buckling of uprights in incomplete diagonal- 
tension fields is a very complex phenomenon, and then^ 
is little hope that tlun^n^ical solutions will be obtained 
in the near future. TIh^ following approximate* method 
is therefore suggested: 

The bracing efl'ect of a web in pur(* diagonal t(Mision 
on an upright with pin ends is measurcMl by the dif- 
ference Vt—Pe' The bracing (^Ifect of an (dastic 
foundation is very nearly proportional to the founda- 
tion modulus (r(*f(M"(Mice 4) ; the foundation modulus of 
the web is propoi tiofial to the diagonal tension and may 
therefore be assumed to be proportional to the diagonal- 
tension fraction k, if the bending stiffness of the sheet is 
neglected. For an incomplete diagonal-tension field, 
the bracing rl\'vr[ of the wel) might th(M'el'ore be as- 
sumed to b(» k{VT—PE)- The tests by J^inipert 
(reference 19) discussed in the second part of this paper 
suggest, however, that this estimate may be too 
optimistic. Until more extensive test data are pro- 
duced to justify the assumption just made, it seems 

2414'30—40 2 



advisable to use a more conservative one. 'I'lie as- 
snni|)tion that the bracing efl'ect is proportional to 
/i-(\ V— /\) gives a reasonably close approximation to 
Limpert's tests, as will be shown later. With this 
assumption, tlu* efTcH-tive colunm length to be used in 
computing the slenderness ratio becomes 



L= 



wliei'c 



(20) 



In Limpert's test rc^port, no mention is made of actual 
failures. It is thei'cfore possible that failure to r(»alize 
the full bracing efi'ect proportional to k was only ap- 
parent and was caused by stopping the tests too eai"ly. 

If the uprights are assumed to have some end fixity, 
the Euler load in the expression for D must be 
r(»placed by the column load corresponding to \hr 
assumed fixity and h must be replaced by the effective* 
length of a free column corresponding to the assumed 
fixity; for instance, if the fixity coefficient is assumed 
to be 4, then 

Vr 



D= 



■1 



itul 



4/V, 

'2 vr+Fz> 



Twisting failure of cohnnns attached to a web was 
treated in reference 1<S on the assumption that the slK^et 
f()rc(\s the center of t wist of the column into the plane of 
the web. Undoubtedly the web also tends to aid the 
upright against twisting by virtue of having bcMiding 
stiffness and by virtue of being under diagonal tension, 
although this (effect may be small in many cases because 
ui)rights susceptible to failure by twisting are usually 
attached by a single row of rivets incapable of trans- 
mitting high torques from the web to the upright. 
There appears to Ix* no published theory that takes the 
effect into account. 

Failure by local buckling or crippling has Ixhmi 
theoretically treated for a number of simple cross- 
sectional shapes; the most important types for the 
present purpose are treated in reference 20. 

Thus far, mention has been made only of the stabil- 
izing effect exerted by the web on the uprights. I n- 
fortunately, there is also an opposite effect. The 
theory assumes the diagonal-tension folds to be vrvy 
small. In fact, however, iIk ^c folds are quite large; 
test experience has shown that, in most cases, one* fold 
begins at each upright of a beam. The wave lengths 
of these folds are therefore comparable in ovdrv of 
magnitude with the wave lengths corresponding to 
primary and secondary column failure, and the folds 
tend to hasten the appearance of column failure in the 
uprights. Apparently no theory has been published 
that describes this premature forcing of failure. 
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is clcni' that tlu* forces cxci'tcd by 

\r iipriulits conxcrl ihv ])rol)l('ni of 



Quulitat ivcly, 
web I'olcls on 
upright failure* from a pure stability problem into a 
stress problem; the easo is analogous to the problem of 
columns with si(h* load or with ecc(Mitric loading com- 
pared with centrally loachxl coltnnns. 

II. EXPERIMENTAL INVESTIGATIONS 
N. A. c. A. stkain-(;a(;e tests— specimens, procedure, and 

ACCURACY 

in order to appraise the validity of the proposed 
theory of the incomplete diagonal-tension fi(*l(l and in 
order to establish the value of the cxpoiKMit // in 
equation (9), two beams were built and tested by tlie 
N. A. C. A. The pertinent dimensions oi these beams 
are given in figure 7; fignr(> S gi \ ( > a general view of the 
test set-up. The two beams will be designated l)y their 
depths the 20-inch beam and tlu» 10-inch beanu 

Figure 9 shows a test set-up of the 20-inch beam with 
2-inch Tuckerman gages on live uprights and 1-inch 
Tuckerman gages on the fiange above two u])i'ights. 
This figure also shows part of the structure used to 
])rovide hiteral stabihty, the horizontal trussing l)eing 
liidden from view Ix'hind tlie i)(\am. Figure 10 shows 
an early set-up of the lO-ineh beam. 

The web and ihr flanges were 17ST aluminum alloy 
and the uprights were 24ST aluminum alloy. The 
uprights were int eichangeable so that their spacing 
could be varied and difr(M'(Mit ty|)es of u[)rig]it could be 



used. The two ty|)es of upright used for strain measure- 
nuMils ar(^ shown in fiuui-e 11. It will be noted that the 
uprights were always synunetrically ai'ranged about the 
web; strains were always mcasurcnl on both sides with 
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Figure 7.— Diagoiuil-tonsioii tesl beams. 



()|)j)osing gages and the ('onij)i"essi ve strains i?i the up- 
rights w(n-e obtaincMl by averaging c()rresj)on(ling 
strains. The s\ii)erj)()siMl IxMiding strains and stresses 
caused by umivoidable eccenl i-icit ies in the u|)righ(s 
nuiy be consi(hn*ed as secoiuhiry eli'ects analogous to 
the secondary strc^sses in truss(»s with rigid joints, 
that is, the tei'm "secondary" (h)es not necessarily 
im|)ly that they are negligible. 




Figure 8.— General view of lest scl-up oii X. A. C. A. 2U-iuch beaui. 
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I-'IGUHE 10. 



—Test set-up on N. A. C. A. in-incli l)oam. 
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Figure 11 shows both types of upright in a soiiK^what 
peeuliiir arrangement (b) that calls for some explana- 
1 ion. In order to vary the critical stress without chang- 
ing the g(»neral arrangement of the beam and also in 
or(hM- to obtain sonn* i(h^a of the effect of ])r(^V(Miting 
buckling of the web in llie immediale vicinity of tlu' 
uprights, some tests were made on the lO-iucli beam 
with the web entirely free from th(» upriglits. The set-up 
for these tests was accomplisluMi by using bolts and 
spac(»r tul)es to comuH't tbc two parts of each upright ; 
the web was pici'ced by holes sufficiently lai'ge to cieai" 
t lie spacer t ubes. 



(a) 



(a) 




(b) V 

Type I Type H 

Figure II.— Uprights for diagonal-tension beams. 
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Nominal thickness. 
Determined by weiKliinjr. 

1'uck(M-inan optical strain gages of '2-ineli gage lengtli 
were used on the uprights. The same type of gage was 
used on the flange in a few cas(»s but, in general, ^i'ueker- 
man gages and lluggenberger gag(^s of 1-inch gage 
length were used on ihe llanges IxH'ause the seconthiry 
bending strc^sses \arv iVoin a positive^ maximum to a 
negative niaximuin within a distance of half the spacing 
of th(» uprights. The 1 1 uggenberger gages were us(»(l in 
pairs, back to back, and tluMr r(*sults were averag(Hl 
l)ecaus(» sometimes considerable differences of stress 
were found betwcMMi tlu* two halves of the flaug(\ Tlie 
Tuckerman gages had, in eflect, three-point supj)ort 
and automatically eliminated this trouble, as was found 
by check tests against the Huggenberger gagc^s. 

All tests were n^peated once and averaged. The 
repeat tests agriMul, in general, to within about 100 
l)ounds ]MM- scpiarc^ inch with the first tests, nlthongl^ 
differences of 200 ])ounds \)vv square inch sometimes 
occurrcnl; larger differences were rare*. The difll'erences 
between presumably identical stations, however, were 
sometimes Y(My lai'ge. For this reason, t he graphs show- 
ing stress(*s in the uprights give the group average of all 
the uprights test(Ml on a given Ix^ani as well as tlu^ 
mnximuiu compressive stress(»s measured. It should be 



ke})t in mind that all experimental upright stresses, 
including the maximum values shown, represent com- 
pressive stresses in the median plane obtained by aver- 
aging opposing gages, nevc^* individual stresses o])taiu(Mi 
from a single gage. 

The smallest stress rc^ading is 20 pounds per s(piai-e 
inch on a 2-inch Tuckerman gage, 40 pounds i)er square 
inch on a 1-inch Tuckerman gage, and 100 pounds p(M' 
square inch ((estimated) on a Hugg(Md)(Tger gage. The 
temperature* error, which amounts to about 50 pounds 
per scpiarc inch |)er (l{\iiree FahrenluMt, was kept small 
by kee|)ing the room temperature constant within 
about 1° F. Errors in load may be as nmch as 1 j)ereent 
at loads abov(* 1,000 pounds and sonuwvluit higlKM* at 
lower loads; these errors were caused by ci'cej) in the 
test set-up that sometimes occurred while strain read- 
ings were being taken. 

For purposes of refenMice, table 1 is includiMi as a 
key chart of tin* main tests. J^]ach t(»st is designatcMl 
l)y a dovd)le nuinlxM-. The first num])er, either a 20 oi* a 
10, identifies the beam as being either the 2()-in('h or (he 
10-iuch beam; the second number designates (he type 
of upi'ight and tlu* spacing of the uprights. 

STRKSSKS IN UPRHJHTS OF N. A. C. A. 2n-INf'H HKAM 

Stresses in uprights at midheight. Figure 12 shows 
the str(»sses measured in the u|)rights of the 20-inch 
beam and the stn^sses predicted by using figure A. 
The crosses denote the group average of tlu^ stresses in 
tlu^ upi ights, the '^group^' including all the uprights on 
which strains are measured as indicated on the small 
sketches of the beam. Tlu* circles give tin* maximum 
compressive stresses measured. 

The critical stresses foi' the sheet were computed by 
formula (U))^ nssuming clamjXMl cdg(^s excerpt in tlu^ 
case of tlu* channel \ij)righls w hei'(» the stress r.r was 
calculated on the assumption that the tw^o edges of 
th(* sluM^t along tlu* channel iij)rights were sim])ly 
supported. 

Tin* break in the course of (he exp(M-imental points 
for S(*t-u|) 20 1 was caused by lateral failure of the 
flange. The (est had to be stopped and additional 
latei'al sup|)orts had to be added before the (est eonid 
be continued to higher loads. 

A I'ather significant comparison may be made betwccMi 
tlie r(*sults of set-ups 20-6 and 20-7. After the first 
test had been comj)l(»t(nl, th(» ii|)rights w(M"(* unbolted 
and uprights of type II were l)()l((>d on whei-e u|)rights 
of lypt^ 1 had b(M^n, and viei^ V(M'sa. For all practical 
purposc^s, then, the two set-u|)s were identical and the 
physical structure was the same. In spite of this fact, 
the stresses measured in the ui)rights of type I in the 
first test were very much higher than the calculated 
stresses (fig. 12 (f)); whereas, the stresses measuriul in 
tin* s(>eon(| test agiHUHl cpiite W(^ll with tlu* calculated 
stresses (fig. 12 (h)). The absolute magnitude of the 
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Figure 12.— Stresses in uprights of N. A. C. A. 2U-iiich beam. 
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stresses was r;ilh(M' low llu* l(>sls on s('(-n|)s 20 (i 
and 20-7 ap})enr to Ix^ vv\\i\\)U\ ns iiulicaliHl by 

the relatively small spread between group average and 
maximum stresses. The only possible eonelusion is 
that stress differenees of 20 or 30 pereent ean be caused 



th(' (Mid being on the av(»rag(* 0.62 times the stress at 
nruUuMglU. This rd'cct nu\y l)e spokei\ of as a ''gusset 
(^flVet," exi)laiii(Ml by lh(^ fact that the sheet m the corner 
is effectively j)i(>V(Mil cd from biiekling and thus forms a 
eorner gusset inereasing the elfective area of the upright. 
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FiGUKE 13.— Stresses in uprights of X. A. C. A. 2()-incli beam at iiiidhcMght and near ends. 



in diagonal-tension beams by circumstances Ix^vond 
any reasonable* shop control. 

Aside from this ''wild" t(*st, however, the agnuMntMit 
between calculated and ol)serv(»d strains is sufhciently 
uniform to validate tlie use of the proj)os(Hl tIi(H^ry. 
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Stresses near ends of uprights; gusset effect. — For 
set-ups 20-2 to 20-5, the stresses in the ui)j'iglits were 
measured at stations 3.25 inches from the two f]ang(*s. 
Figure 13 shows these stresses as well as the stresses at 
midheight. It w^ill ])e scn^n that a very consistent 
relation exists l)etween these stresses, the stress near 



Except possibly for very close spacing of the u|)rights, 
the guss(4 (effect probably depends primarily on tlic 
ratio ijjt, where y is the distance of the station on the 
upright from the nearest flange. If this assumption is 
true, the effective sizc^ of gusset is constant for a given 
sheet thickness. ConsecjiKMitly, if the sheet thickness 
is kept constant and tb(^ (U^pth of the beam is decreased, 
a point will be reached where the gusset extends to the 
midluMght and then across this line; for shallow beams, 
then, the stress at midheight will be affected by the 
gusset. The theory of gusset effect may be put on a 
quantitative basis by assuming that equation (13) gives 
the stress when tlu^ ratio yIt is very large; for small 
ratios of yIt, this stress must be multiplied by a gusset 
factor kg less than unity. Figure 14 is a curve of gusset 
factor against yjt based on the measurements of figure 
13 and on the assumption that the factor approaches 
unity for 7/// = 500, which is about halfway between the 
values of hl2t for the N. A. C. A. 20-inch beam and the 
Douglas ])eain to be discussed later. This curve is 
based on extremely meager data and consequently 
should not be used for design. It is shown only because 
it was used to estimate the gusset effect for the N. A. 
C. A. 10-inch b(»am to be discussed later; for this 
purpose, only the full-line ])art of the curve was needed. 
For design purposes, it is suggested that the conserva- 
tive straight line indicated be used until more extensive 
leasts establish the curve more securely. 

The gusset eflVct probably also tends to reduce the 
stress ap in the flanges. The tests as made did not 
furnish the n(H'(>ssary iid'ormation to evahiate these 
reductions. Tiie practical importance of tlu^se rechic- 
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tions being very small in most cases, no iiiidiie weio:ht 
penalty is paid for negleetino; them in design woi^k and 
using th(* full values of ay. A gussc^t eff(»et also influ- 
ences the secondary bending nionuMits in the flanges, 
as will bo shown \n{i'\\ 

STRKssKs IN l eKKiins oi i)oij(;las beam 

Through the eoui'tcsy of the Douglas Aircraft Co., 
the inclusion here* of the r(»sults of strain-gage measure- 
ments on a large diagonal-tiMision beam was made 
possible. A sketch of this beam is shown in figure 15; 
the lettered uprights indicate strain-gage stations. The 




Figure 15.— Douglas test beam. 

(h^pth of the beam is about 40 inches n(^ar the middh^ of 
the beam and the web thickness is 0.036 inch. The 
vabie of hit is then^forc^ slightly over 1,000, or slightly 
higher than for the 20-inch N. A. C. A. beam. The 
b(»am gives a valuahl(> cxtcMision of liic t(»st i'ang(* in 
absolute size and particularly in stress. Tin* maximum 
nominal shear stress on th(^ N. A. C. A. Ix^am was only 
about () kips per square inch, which is wilhin tlic pro- 
portional limit; on the Douglas beam, the nominal 



shear stress varied Ix^cause of {\\\)vv between 15 and 18 
kips per scpiarc inch in the region of th(» gage stations 
at a load of 2:;. 4 kips, tlu* highest loading at which 
strain measurements were taken. If the validity of 
formula (3) is assumed, tJie t(»nsilc stivss in the web 
vaj'ied from 30 to 30 ki|)s p(»r scpiare inch. Refej'cnce 
21 gives, for 24ST Alclad, a value of 27 kips i)er s(piaj(! 
inch as the proportional limit and of 37 kips per scpiare- 
inch as the yield point. Tlu* average strc^ss in th(» web 
was therefore practically up to tin* yi(4d |)()int and, at 
the crests of the folds and other places of str(*ss con- 
centration, was beyond the* yield point. According to 
the test report, definite permanent set had occurred in 
the web at a 20 percent smaller load. 

Figure 16 shows the experiiiKMital and the calculated 
stresses of the Douglas beam. In view of the ever- 
present possibility of large inexplicable dc^viations, the 
agreement is, on the whole, quite satisfactory. Only 
at low loads is there a peculiar tendency for tlu* ob- 
s(M"V(m1 stresses to be much higher than the calculated 
st r(>sses. 

STRESSES IN UPRIGHTS OF N. A. C. A. 10-INCH BEAM 

Figures 17 (a) to 17 (c) show the stresses measured on 
th(* uprights of the 10-inch beam in the 'Sveb-clamped" 
condition; the crosses again indicate the group av(M'ag(» 
of all measured stresses and the circles give the maxi- 
mum stresses measured. The calculated stresses weiu^ 
obtained by using the design chart of figure 4 and nnd- 
tiplying the stresses with a gusset factor of 0.72 ob- 
tained from figure 14. 
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(a) Upright A. 
(d) Upright E. 



Stress, Hips/sq in. 

(b) Upright B. 

(e) Uprights F and G. 

Figure 16.— Stresses in uprights of Douglas test beam. 
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(c) Uprights C and D. 
(0 Uprights H and 1. 
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In all three cases (figs. 17 (a) to 17 (c)), the computed 
stresses are on the conservative side — that is, higher 
than the observed stresses, even when the maximum 
experimental stresses rather than group-average stresses 
are used as the basis of comparison. On the basis of 
the maximum stresses, the average difference for all 
three tests between computed and observed stresses is 
about 20 percent; on the basis of group-average stresses, 
it is about 27 percent. Compai'ison with tlu^ results for 
the 20-inch beam indicates that a lower value of hji 
permits the bending stiffness of the sheet to play a n^ln- 
tively greater part and to delay somewhat the develop- 
ment of the diagonal-tension field; equation (10) should 
therefore probably contain a factor involving hit. The* 
existing data are too few to establish this factor; but it 
may be concluded that, when hjt is about 500, (he cal- 
culated stresses are sufficiently conservative to be tak(»n 
as the maximum upright stresses rather than as group 
average upright stresses. 

Figures 17 (d) to 17 (g) show the stresses measunHl 
in the uprights of the 10-inch beam in the ^Sveb-free" 
condition. The stresses calculat(Ml by using figure 4 
fit the maximum stresses i-easonably well but are very 
conservative compared with the group-average stresses. 
It should be noted that the free web acts in a very non- 
uniform manner, the maximum upright stro^sses amount- 
ing to neaj'ly twice the group-average stresses. It is 
tlierefoi-e difficult to compare the accuracy of calcu- 
lating the web-free condition with the accuracy of cal- 
culating the web-clamped condition. Under any con- 
dition, however, the calculations for the 10-inch beam 
are more conservative than the calculations foi- th(» 
20-inch beam with its larger hit ratio. 

SECONDARY IlKNniNC MOMENTS IN FLANCES OF N. A. C. A. BEAM 

The fiange stresses were measured in the two 
N. A, C. A. beams at the outside iWwv of the compres- 
sion flang(\ These stresses arise by supej'position from 
three individual sets of stresses: the j)rimary ])eam 
stresses o-,^, tlu^ c()mj)ression stresses a-/,- caused l)y tiie 
horizontal component of the diagoiuil tension in tlie 
web, and the secondary beiuhng stresses gsb caused by 
the distributed vertical component of the diagonal 
tension. 

Th(* pi'imary Ix^am sti'(^ss(^s an at a station x inches 
from tlie tij) were computed hy the ordinary beam 
fornnila 

_Px 

where Z is the s(H*tion UKxhihis of the entire^ beam. 
Foi* tlie computation ol' the section incxhdus of tlie 
beam, th(» material activ(» in bending was assumed to 
be the matej'ial indicated by cross hatching on the cross 
sections shown in figure* \\. DcMluction of th(» beam 
stresses from the o1)S(M'V(mI stresses yielded tlu* stress 



difl'erences {(t observed— (^b) shown in figures 18 (a) and 
IS The compi'essive stresses o-/,- were then com- 

puted ljy foi'mula (14j. By deduction of ap from the 
stress difterences icTobserved— (^b) the secondary bending 
stresses (t,sb were obtained as indicated in figures 18 (a) 
and 18 (b) for the maximum loads. 

Comparison of the stresses cfsb in figures 18 (a) and 
18 (b) shows that th(» s(Tondai"y l)ending stress(»s ai'e 
higher between the uprights than at the uprights. In 
a continuous beam of constant cross section, the stresses 
b(»tw(MMi sup])orts arc low (m- tlian or, at the most, (upial 
to the stresses a.l the suj)j)orts. The observed I'elation 
between the stresses can therefore be explained only by 
assuming that the i)reviously discussed gusset efiect 
incrc^ases the efi'ecl i\ c sccl ion modulus of the fiange Tu\ar 
the uprights. If the /hinge can no longer he considered 
as a beam of constant cross section, the coefiicients 
I'm used in equation (5) must be changed. 

In most practical cases, the secondary bending 
strc^sses are not suffici(Mitly important to warrant the 
trouble of calculating the llaiige as a beam of variable* 
cross section. A single moment coefficient kM = Q.\0 
was therefore chosen to represent tin* maximum Ix^nding 
moments in the fiange, with the understanding that 
tlu^se monuMits occui* between uprights hut that the 
monuMits at the u])rights may somet imes he ])i-act ica lly 
as large as the maximum moniciils. The numeiMcal 
value 0.10 was choseji because it is conservative for all 
experimental t'csuIIs and f)ecausc it is reasonably close 
to the theoretical value of •(o for the maximum 
moment in the limiting case of pure diagonal tension. 
When the secondary bending stresses are computed from 
the bending moments, the section modulus of the indi- 
vidual fiange is coini)ut(Ml for tlie cross-hatched area ^1^ 
iiulicated in figure .'i hut an allowance* should be made* 
for rivet holes. 

The secondary bending stresses csb shown in figure 
18 (a) were multiplied by the section modulus of the 
flange to obtain the secondary bending moments. For 
comparative |)urposes, moment coeflicicFits defined by 
the ecjuation 

M=k,nSoTd'lh 

were calculated fi'om these* mome*nts anel are* plotteel in 
figure* H) against the' le)aermg ratio. TlH*se coe'file-ie'nts 
k„t elifier from the e*e)e*fiie*ients because the fie*xil)ility 
factor (\ has be*e*n taken as unity. I'iiziifc 19 shows 
that the* mome*nt coefficients generally ine*rease with 
loaeling ratio, but it is probably safe to assume that the* 
rate* of increase will drop rapidly with some^what highe*r 
loaeling ratios. wSet-up 20-1 elifi'ers quite I'ae lie-ally in 
having very high mome^it e'0(*fiie-ie*nts ele*e*re*asing ve*r3^ 
rapidly. The loaeling i-atie)s are* le)w fe)i' this se't-up, 
and the tre*nel of the* mome*nt coefficients is [)r()l)al)ly 
not typical but falsifie*d by ae'e*iele*ntal sources of erre)r 
that play a i'elative*ly large* part at le)\\ le)aeling ratios, 
as shown thre)ughe)ul lhe*se* te*sts. 
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For the liighesl load iisod on ciwh sot-ii]), the cxperi- 
nioiital values of km were divided hv ihr rlioscMi standard 
value kM = OAO in an attempt to eheek expcM-inien tally 
the influence of the flexibility parameter cod. Figure 20 
shows the results. Taken in eon junction, flgures 19 and 
20 indicate that the formula 



M-0.10 CSord'lh 



(21) 



<;iv(»s, in <i*eneral, very cons(»rvative values for the 
secondary bending* moments in the compression flanges 
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20 



Fitii HK !'.). — ( 'liaiigL' of Ix'iKliiiK-moiiKMil cocMiciciil with loading ratio for N. A. ( ". A. 
2()-iiH'li beam. 

at low loading ratios; as tlu* loading ratio increas(»s, the 
I'orinula becomes less conservative, but it will probably 
nc^vci" become unconservative, assuming of course that 
the com|)arison is made with average (wptM'inicnl a) 
values and not with individual high values. 

On set-ups 20-1, 20-2, and 20-3, the scuondaiy 
IxMiding moments were oblaincd on the tension flange 
of the beam for the sani'' nuixinnim loads that had b(HMi 
used for the measurements on the compression flange. 
The secondary moments were, respectively, 25, 16, 
and 41 percent of the corresponding moments on the 
compression flange. These diflerences are explained 
as follows: The tezision delays d(^v(Oopment of th(» 
folds near the flange, and a strip of the web adjacent 
to the flange remains plane. This strip adds to the 
moment of inertia of the flange and helps the flange 
to carry the secondary moments. Obviously, the 



magnitude of the helj) incrc^ascs with the ratio of 
tension stress to shear stress and dcci'cascs with increas- 
ing loading ratio. 

A numl)er of measur(Mncnts were made on the com- 
pression flange of the N. A. C. A. 10-inch beam. All 
the bending-moment coefficients obtained from these 
measurements were conside]*a))ly below the coefficients 
obtained for the 20-inch beam; it was therefore con- 
sid(M'(M] not worthwhile to show them. 

BUCKLING OF THE WEB SHEET 

Th(* coeilicients K given in figure 5 for caleiilaling 
the critical stress of the sheet apply, strictly sp(^aking, 
only when the sheet is in ])ure shear. Actually, the 
sheet is also subjected to IxMiding stresses but, in 
diagonal-tension beams designed for high structural 
efficiency, the efl'ect of th(^ bending stresses on the 
critical stress can probai)ly always be neglected. 
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KHirKK 21). K.\|uMiiiM'iital and I licorct ical iiifluciuc of flexibility of flange on secon- 
dary iMMuling inonicnls in coniprcssion flan^'o of N. A. (\ A. 2()-iiR'li hcani. Values 
near test jioints arc average values of tItc,. 

This simplifying eii'einnstanee is due lo ihe fael thai 
the critical stress is of li((le iii(ei-es( in i(sell' and eon- 
setjuently iuhhI not l)e very accurately known; it is 
needed only to compute the diagonal-t(Mision fraction /•. 

Special buckling tests made by a nuinbei" of investi- 
gators have shown that, with sluH't of ordinary flatness 
and test jigs of ordinary dimensions, the buckling of 
sheet subjected to pin-e shear usually starts at (>() to 
80 percent of the theoretical critical load. Very 
careful tests have shown that buckling may be delayed 
to loads of about 90 percent of the critical by using 
very flat sheet and very heavy test jigs. The (h^flec- 
tions are quite small at first, however, and sensitive 
means of measuring must be employed to detect them. 

On diagonal-tejision beams, the buckling of the web 
begins on the compression side of the beam and carries 
across the neutral axis for some distance. Near the 
t(*nsion flange, buckling is delayed by the stiffening 
action of the tension. 



18 



REPORT NO. G97 — NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 




KKiLin-: 21. Set up fur inoasuriii^' huckliii.u; dcformal ions of iii)riKlils on X. A. C. A. 2n-itR-li beam. 
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Figure 22.— Deflectious of upriglits ou X. A. C. A. lO-indi beam. 
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111 Ulc tests of the N. A. C. A. beams, no special in- 
struments were used to detect the begmning of buckhng 
of the web. With ordinary visual inspection, the first 
buckles were usually detected at about 150 percent of 
the calculated critical load. By means of a straight-edge 
laid across the sheet, the first ])uckles could usually be 
detected at about 120 percent of the critical load. 

An indirect and therefore not very accurate check on 
the buckling of the sheet was furnished by the strain 
measurements on the uprights of the N. A. C. A. beams; 
the first appearance of stresses in the uprights should 
coincide with the first buckling of the sheet. Consider- 
ing the weaknesses of this indirect method of checking, 
the agreement indicated by the inspectioii of figures 12 
and 17 is fair. 

EXPERIMENTS ON THE BUCKLING OF THE UPRIGHTS 

Tests of N. A. C. A. beams. — The main purpose of the 
N. A. C. A. tests was to study the stress distribution in 
incomplete diagonal-tension fields. Some exploratory 
tests, however, were made on the problem of buckling 
of the uprights. Figure 21 shows the set-up of the 20- 
inch beam. The bridge carrying the dial gages was 
provided with knife edges resting in the corner between 
web and flange. The dial gages gave the deflections of 
the uprights at the upper and the lower quarter points 
and at midheight. The set-up for the 10-inch beam 
was similar. 

The uprights used on the 10-inch beam were similar 
to the uprights of type I but were only Ke inch thick. 
Figure 22 shows the measured deflections plotted 
against the applied load. Tliree calculated critical 
loads are indicated: Pi is the critical load for general 
elastic instability calculated by equation (17), sup- 
ported edges being assumed; P2 is the critical load for 
general instability calculated by equation (17) after 
changing the coefficient 17.5 to 27.8, clamped edges 
being assumed; P3 is the critical load causing buckling 
of the sheet between uprights. In this particular case, 
instability of the sheet and general instability of the 
web begin at about the same load. The half-wave 
length corresponding to Pi is Xi = 8.2 inches; corre- 
sponding to P2, it is X2=5.5 inches. The theory of 
anisotropic buckling is therefore just barely applicable 
because the spacing of the uprights is 5 inches. At 
some stations, the experimental curves show deflections 
beginning at very low loads and, in general, the experi- 
mental curves are of such shape that a buckling load 
cannot be defined with any degree of certainty; it 
seems justifiable to state, however, that the deflections 
became noticeable in the neighborhood of the pre- 
dicted critical loads. 

Two sets of deflection measurements were taken on 
the N. A. C. A. 20-inch beam. In both tests, uprights 
of type I were used. In the flrst test, the spacing 
was 5 inches; in the second test, 10 inches. Figures 
23 and 24 show the measured deflections. The half- 



wave length for the first case is Xi^lO.o inches; for the 
second case, Xi = 12.5 inches. The theory may there- 
fore be considered applicable in. tlu^ first case but not 
in the second case. As on the 10-incli beam, th(> shape 
of the curves is such that it is impossible to (h^fine 
(lefinit(»ly any point on tliem as the buckling point, 
but 1Ih» deflections become appreciable* in (he> neigh- 
borhood of the calculated critical lond. 

Th(* geiuTal shape of the observed (U'flection curves 
confirms the conclusion previously drawn that the 
buckling of the uprights is not a pure stability problem 
but a stress problem, because initial eccentricities and 
interaction with web folds cause deflections to begin 
practically as soon as load is applied. At the cal- 
culated critical load Scr, the deflections of the 
N. A. C. A. beams are 0.06 to 0.11 percent of the length 
of the uprights; the deflections vary roughly as the 
square of the load. 

Limpert's tests. — Limpert (reference 19) tested four 
diagonal-tension fields with closely spaced and very 
flexible uprights (Z/p from 340 to 550). The load was 
not applied as beam load ; a parallelogram was used to 
load the specimens in pure shear. As a result of this 
method of testing, it was easy to measure the angles of 
shear strain, which Limpert gives as the main results of 
his tests. As the criterion for buckling, he chose the 
load at which the curve of shear strain against load 
departs from the straight line. 

A closer examination of the tests shows that the web 
stresses were rather high, so that yielding of the web 
material might have been not only a contributing cause 
but possibly the main cause for the departure from a 
straight line in the strain-load diagram. Very definite 
conclusions in this respect cannot be drawn because the 
physical properties of the web material (brass) are not 
given. 

Limpert states that large buckles occiuTed at half 
the critical load calculated by him. Unfortunately, 
he gives only a few sample curves of deflection for one 
specimen, which are given for loads far beyond the 
critical load for anisotropic buckling; consequently, no 
check can be made at the critical load. On the assump- 
tion, however, that the square law of the increase of 
deflection holds, as noted on the N. A. C. A. beams, it 
is possible to find by extrapolating backward that the 
maximum deflections at the critical load for anisotropic 
buckling were about 0.04 to 0.06 percent of the length 
of the upright, which is of the same order of magnitude 
as the deflections on the N. A. C. A. beams. 

The tests made by Limpert were used to obtain 
experimental confirmation of the bracing effect that 
the diagonal-tension web exerts on the uprights. The 
stresses developed in the uprights of Limpert's test 
specimens were computed by the use of the design 
chart given as figure 4; these stresses were multiplied 
by the cross-sectional areas of the stifTeners to obtain 
the loads carried in the stiff eners. From the lengths of 
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Figure 23.— Deflection of uprights on N. A. C. A. 20-inch beam with 5-iuch spacing. 




THE INCOMPLETELY DEVELOPED 



PLANE DIAGONAL-TENSION FIELD 



21 



llu' upriglils and ilw'ir iiionieiils of inertia, the Euler 
stresses were then computed. The ratios of the 
developed stresses to the Eider stresses were hsted in 
tabk* 11. Tlie diagonal-tension fraction k was then 
computed and listed in table II. Next, the values 
l-\-k^D were computed in accordance with the proposed 
approximate method of estimating the buckling load in 
incomplete diagonal-tension fields and were listed in the 
table. The last column in the table gives the ratio of 
developed strength to predicted strength; the average 
ratio for the four tests is very close to unity. 

TENTATIVE CONCLUSIONS ON BUCKLING AND STRENGTH OF 
UPRIGHTS 

In addition to the ex]:)erinients on buckling of up- 
rights described in the ])ree(uling section, there are on 
file at the N. A. C. A. a number of routine test reports 
made by manura(4ur(M's and other agencies. Unfor- 
tunately, most of these reports are entirely useless, as 
far as correlation with theory is concerned, because 
important data are lacking; for instance, the moment 
of inertia of the uprights is usually omitted. Further- 
more, the uprights were often overstrong and did not 
fail. There are, consequently, very few useful experi- 
mental data available. On the other hand, it was 
pointed out in part I that the theory of failure of up- 
rights is not very well developed, particularly with 
reference to interaction between uprights and web. 
The following conclusions based on ihc<v routine tests 
as well as on the tests discussed in this paper should 
therefore be understood to be of a very tentative 
character. 

The theory of buckhng of an orthotropic plate under 
shear stress agrees reasonably well with the observed 
facts. Onset of this type of general elastic instability 
is, however, not a very obvious phenomenon, ])ecause 
the diagonal-tension folds in the web tend to caus(» the 
premature appearance of slight l)uckles and because 
hiitial buckles may exist. Experiments with corru- 
gated sheet (reference 16) have shown very good agree- 
ment with the theoretical buckling loads. 

If the uprights are sufficiently flexible to withstand 
large deformations, the load causing general elastic 
instability of the stiffened web can be safely exceeded. 
In Limpert's tests, the critical load was exceeded 2 to G 
times. 

The stabilizing effect that a web in incomplete diag- 
onal tension exerts on the bending failure of uprights 
can be estimated by using a fraction of the theoretical 
stabihzing effect of the ])ure (Hagonal-tension field 
proportional to the square of the diagonal-tension frac- 
tion k, as indicated by equation (20). 

If the uprights have thin walls or legs subjected to 
local huckling failure, the stressors at which failure 
occurs are about equal to the stresses that would cause 
crippling if the uprights were tested as free columns, 
provided that the leg attached to the web is at least as 
thick as the web and the ratio Au/td is not less than 0.3. 



If the ratio Au/td is less than O.o, the sheet may take 
charge and force failures in the uprights. Under these 
conditions, there is probably little relation between 
the failing stresses of the uprights and the failing stresses 
of the correspondmg free columns; tests appear to indi- 
cate that the faihng stress of the upright may be less 
than half the failing stress of the free column. 

The only theoretical design criterion for such cases 
is formula (17) for general elastic instability. If the 
upright spacing is within the usual limits ((l^h/2) and 
the uprights are of sufficiently compact cross section to 
eliminate local buckling, a small ratio Au/td will neces- 
sarily indicate slender uprights. Under such condit ions, 
the ultimate load for the few pertinent tests- ranges be- 
tween 1.7 and 2.5 times the critical buckling load given 
by formula (17). Only on corrugated sheet was the 
ratio found to drop as low as 1.2 (reference 16). It 
therefore seems safe to design webs having the ratio 
Au/td below 0.3 so that the general elastic instability 
begins at the design yield load, which by definition is 
two-thirds of the design ultimate load, but there is no 
theoretical method of finding quantitatively the margin 
against ultimate failure. 

STRESSES IN THE WEB 

In an incomplete diagonal-tension field, the stress 
in the median plane of the web is a biaxial or a com- 
bined stress. Superposed on this stress are bending 
stresses caused by the formation of the folds. The 
direct determination of the stresses by means of strain 
measurements is hampered by practical obstacles that 
thus far have deterred investigators from making any 
measurements of this kind. Strain mensuroments can 
be quite easily made in a direction parallel to the folds, 
but this process is insufficient to determine all the 
components of the combined stresses. Measurements 
in directions not parallel to the folds are very difficult 
lo make and to evaluate; they would require gages with 
a very small gage length or auxiliary measurements of 
sheet curvature. 

In the N. A. C. A. tests, no attempt was made to 
measure strains in the sheet. The only measurements 
available are those given in reference 5 based on slope 
measurements on the sheet. According to these 
measurements, the stress aid in the median plane of 
the sheet is practically equal to 2r even for a loading 
ratio of less than 2. This stress aid is an equivalent 
uniaxial or simple stress entailing the same danger of 
rupturing the sheet as the actual combined stress, 
assuming that the danger of rupture is measured by 
the amount of strain energy stored in an element of 
unit volume. 

The maximum web stresses occur in the outer fibers 
of the sheet on the crests of the waves. In the tests 
r(^ported in reference 5, these stresses were foimd to 
be 1.5 to 1.7 times the average web stresses for the 
loading ratios consid(M-efl in this paper (below 40) aiul 
for practical values of au/r. These stresses occurred 
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midway heiwocn upriglits. At loading;' ratios hio-licj- 
than 40, the maximum stresses were found near tin* 
(Hlg(* of the sheet, where the fokls are foreed hack into 
a phuie hy the edge menil)ers (cap strips). Only a 
few scattered test points are available and indicate 
stress(*s as high as 2.2 times the average web stress. 

It might he mcMitioned that, in the tests of refei'CMice 
5, tlie flanges wri'o so stiff that tlie fl(\\il)ility pai*ameter 
o)d was practically zero aiul tlu* factor of cciuation 
was e(iual to unity. 

III. STRESS ANALYSIS OF DIAGONAL-TENSION BEAMS 

RANGE OF APPLICABILITY 

The (Mnpirical coefhcients of tlu^ proposed method of 
analysis were obtained by tests of l)eams having valuers 
of h/t from 500 to 1,000. The method may be expected 
to give good approximations for values of hit beyond 
1 ,000; as the value of h/t decreases, the method beconu^s 
increasingly conservative. 

General test experience^ indicates a large scatter of 
test results at loading ratios r/r^., below 3 or 4; the 
diagonal-tension effects consequently camiot be very 
closely calculated in this range. 

All the test data on which the proposed method of 
analysis rests were obtained on beams with upright 
spacings d^h. Consequently, the method should not 
be used for beams with rf>/?. 

ANALYSIS OF THE FLANGES 

The flanges are subjected to three distinct sets of 
stresses: the primary beam stresses computed by the 
standard beam formula or truss formula, the compres- 
sion stresses ap that balance the horizontal component of 
the diagonal tension in the web, and the stresses caused 
by the secondary bending moments. 

The stresses ay are computed with the help of 
formula (14). 

The secondary bending moments are computed with 
the help of equation (21). These moments should be 
assumed to be of equal magnitude but of opposite sign 
at stations between uprights and at stations at uprights. 
Unless more extensive experimental data than given in 
this paper are obtained, the theoretical curve of figure 2 
should be used for Ci and the moments on the tension 
flange should be taken to be as large as the moments on 
the compression flange. It can probably be assumed 
that secondary bending moments computed in this 
manner are always conservative. 

The secondary bending stresses asB in the flanges are 
obtained by dividing the secondary moments by the 
s(^ction moduli of the individual flanges. The section 
ni()(hili should be computed assuming the material 
eftective in bending to be the cross-hat cIhmI area Ay 
shown in figure 3. An allowance should be made for 
rivet holes; no allowance should be made for gusset 
effect, because this effect is already taken into account 
by the method of computing the moments. 



ANALYSIS OF THE WEK 

Acconhng to the measurements of refercMice the 
maximum stresses in the outside fibers of the web are 
about 1.5 to 1.7 times the stresses in the median pL-ine 
of the web for loading ratios below 40. The first indi- 
cations of yielding and permanent set may therefore 
be exj)ected when the stress in the nu^han i)h'ine of the 
web (T— 27/^2 is between 1/1.7 and 1/1.5 o-^ or be- 
tween 0.59 and 0.07 o-,/.,,.. Although the im|)lie(l use 
of the particular etjuivalent stress cr,,/ of reference 7 is 
open to debate, possible changes in equivalent stress 
will be of little importance compared with the practical 
difficulty of determining in a built-up structure the 
load at which yielding and set first appear. For loading 
ratios above 40, reference 5 indicates that the maximum 
stresses are about 2.2 times the stresses in the me(Han 
plane and yielding may therefore be expected when 
(7=1/2.2 a!, p =0A3 (jy,-p,. These values agree quite 
well with general test experience, which indicates that 
slight set may be expected at about 0.5 Cj/.p, and defi- 
nite set at 0.7 o-^.p.. Reference 3 gives the somewhat 
higher value 0.8 o-y.;, ; this difference may be caused by 
using panels with low values of hji having considerable 
gusset effect or by allowing larger permanent deflec- 
tions. As the permanent set of shear webs is frequently 
determined by visual inspection rather than by quanti- 
tative measurements, it is indeed surprising that dif- 
ferent investigators agree so closely. 

The high stresses just discussed are localized in the 
outside fibers of the sheet along the crests of the waves. 
When the stresses pass the yield point, ample oppor- 
tunity is present for redistribution and equalization of 
stress; Wagner argued in reference 1 that this localized 
yielding would merely serve to hasten the attainment 
of a uniform diagonal-tension field. The ultimate 
strength of the web would then be reached when the 
stress in the median plane of the web (j—2t\Ci equals 
tlie ultimate allowable stress in tension. 

According to tlu^ rc^sults of reference 7, this method 
of finding the ultimate strength of the web would apply 
even for a loading ratio below 2, that is, when the sheet 
has barely buckled. Consideration of the limiting case 
when the loading ratio is just above unity indicates 
that this method is probably too severe. If such a 
sheet is considered as a shear-resistant web, its strength 
will be found by comparing the shear stress r with the 
ultimate shear stress Tuii> If the same sheet is con- 
sidered as an incomplete diagonal-tension field, its 
strength wiU be found by comparing (7 = 2r with (j^iu 
The value of Guu being less than 2tuiu the second 
method of design would impose a weight penalty on 
the designer. Such a penalty seems unjustified be- 
cause test experience indicates that the ])U('kling of a 
flat sheet is a fairly gradual process so that no sudden 
change in design chai'acteristics seems to be called for 
at the buckling point. It is therefore suggested that 
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the diagonal-tension stress be computed as o- = 2t/C^2 
in all cases and that the allowable ultimate stress be 
taken as 

(^aii = 2Tuit—k{2Tuu—auit) (22) 

where k is the diagonal-tension fraction. When the 
web is in pure diagonal tension {k=l), then aaii= 
<^uit' When the web is in pure shear {k = 0), then 

(^all = ^'''ult, or Tall=Tult' 

Allowance must be made for the weakenmg of the 
web by the rivet holes along the flanges and the un- 
rights. Tliis allowance may be made by multiplying 
the sheet thiclmess by the factor (1 — 0.707 nd), where 
d is the diameter of a rivet and n is the number of rivets 
(in one row) per inch run along the flange or the upright. 
This correction is important because the rivet spacing 
along the flanges is often quite close - 

A point that may cause some confusion should be 
mentioned here. It is fairly common engineering prac- 
tice to test a series of diagonal-tension beams and to 
plot the results as allowable shear stresses. In most 
cases, the allowable shear stresses thus determined will 
not agree with those found by using formula (22) . The 
test failures, however, are usually failures of the up- 
rights; rupture of the web is comparatively rare. The 
test results should therefore be considered as giving not 
failing stresses of the webs but failing loads of the 
beams. These failing loads depend on all the proper- 
ties of the beams; to plot them as a function of a single 
property is defensible merely as a measiu*e of conven- 
ience and permissible only with the strict understanding 
that the results shall be applied exclusively to closely 
simihir beams, unless there is definite evidence that the 
neglected properties play only an insignificant part. 
Unfortunately, the final curves of a test report com- 
monly become separated from the report itself, making 
impossible the application of the results in the proper 
manner, namely, to beams similar to those originally 
tested. 

ANALYSIS OF UPRIGHTS 

Computation of stresses in the uprights. — The nuixi- 
nium stresses in uprights synuuetrically arranged on 
both sides of the web occur at midheight and can be 
found by using either equation (13) or the design chart 
of figure 4. For values of hit below 600, the computed 
stresses must be multiplied by a reduction factor kg 
taken from figure 14 with y/t = h/2f. 

Wlien the value of h/t is about 1,000 or higher, the 
computed stresses au may be considered as group-average 
stresses for groups of three or more uprights working 
under identical conditions. Any individual upright of 
the group may have stresses 20 to 30 percent higher 
than the group average. 

As the value of h/t decreases, the computed stresses 
au become more conservative. At h/t= 500 this con- 
servatism is just about suflRcient to offset variations 
from the group average, so that the computed stresses 



may be considered as maximum rather than as group- 
average stresses. 

When the uprights are arranged on only one side of 
the web, the actual cross-sectional area of the uprights 
should be replaced by an effective area because the 
uprights will be not only in compression but also in 
eccentric bending, and the stress of the fibers adjacent 
to the web will be the sum of the compressive stress and 
the bending stress. By use of the elementary formulas 
for bending due to eccentric loading, the effective area 
of the uprights is found to be 

7T\2 (23) 

'+(p) 

where A is the actual area; the distance from the 
web to the centroid of the upright; and p, the centroidal 
radius of gyration of the upright for bending normal to 
the plane of the web. When tliis area is used, the 
stress au found from figure 4 will be the maximum stress 
in the upright and will occur in the fibers next to the 
web. 

Allowance should be made for unintentional eccen- 
tricities that may exist even when the uprights are 
symmetrically arranged in pairs with respect to the 
web. In the N. A. C. A. tests, the eccentricities cal- 
culated from the individual strain readings sometimes 
reached the theoretical maximum, wliich is found by 
assuming that the bolt transferring the load from 
fiange to upright bears only on one side of the web, 
that is, on one upright of the pair. In riveted connec- 
tions, the average eccentricity will probably be smaller. 

Determination of buckling stresses for uprights. — 
The available theory for determining allowable stresses 
or buckUng stresses in uprights was discussed in part I. 
The main contribution of the theory is the establishment 
of an effective column length for bending failure. The 
actual column strength for any chosen section will 
probably quite often be determined by tests rather than 
by theoretical calculations. If these tests are made on 
uprights as free columns, careful consideration must be 
given to the possible eft'ects of interaction between the 
uprights and the web. 

The task of defining allowable stresses for uprights 
is extremely difficult. Aside from the fact that the 
theory is very incomplete, there also exists no un- 
equivocal, generally accepted definition of the term 
''failure." Since the basic purpose of setting allowable 
stresses is the avoidance of failure, tliis lack of a defini- 
tion is a severe handicap. Colunms exhibit generally 
elastic instability of one type or another, and the onset 
of instability is termed ''failure'' in the theoretical 
text-books. Tlie practical test engineer may observe 
this phenomenon but considered it merely as ''slight 
waving''; in fact, in routine tests the phenomenon may 
go undetected because sensitive measurements may be 
necessary to discover it. From a practical point of 



24 



REPORT NO. 097 — NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 



view, it is not so importaut to know the exaet huekliug 
load as it is to know how soon after passing the buckhng 
load the deformations and the stresses become intoler- 
ably large. Unfortunately, this range is generally 
beyond the scope of the theory for complex structures. 

The diflerent meanings attributed to the word 
''failure" have created much confusion and uncertainty. 
It may be advisable to differentiate between impermis- 
sible failures, conditionally permissible failures, and 
l)ermissible failures. Impermissible failures are, for 
instance, rupture of the web or shearing of the rivets 
between uprights and flanges. The best example of a 
permissible failure is a diagonal-tension web; such a 
web has failed by elastic instability under shear stresses. 

Reference should be made to the tentative conclusions 
on strength of uprights in part II of this paper. 

ANALYSIS OF RIVET CONNECTIONS 

Rivets between web and flange. — If the web is 
working in shear, the running shear transmitted from 
the web to the flange is q=Sw/h pounds per running inch. 
The force on each rivet is obtained by multiplying the 
running shear by the rivet pitch. If the web is in 
])ure diagonal tension, the force transmitted is 1.414 
Sw/I^ pounds per running inch, assuming the angle of 
diagonal tension to be 45°. 

In an incomplete diagonal-tension field, the force 
transmitted between web and flange may be assumed to 
be between the two extremes given and proportional to 
the amount of diagonal tension, that is, equal to 
(1+0.414 k) Sw/h, where k is the diagonal-tension 
fraction. This procedure is ])r()hal)ly conservative 
when the web is clamped between two parts of the flange 
or wdien the web is stiffened by tensile stresses; under 
these conditions, the web in the vicinity of the rivets 
will be practically in pure shear. When the web is 
riveted to only one side of the flange, a similar effect 
will appear because the web is forced to remain more 
or less plane where it is in contact with the flange; 
on the other hand, the tendency of the web to foi'm 
folds will put tensile forces on the rivets, so that 
greater margins of safety should be provided in such 
cases. 

Web splices. — ^The design of web splices is, in 
principle, identical witli the design of the joint between 
web and flange. 

Rivets between uprights and web. — Theoretically, 
the uprights need not be riveted to the web; in two sets 
of the N. A. C. A. tests, the uprights were entirely free 
of the web. In practice, the uprights are probably 
always ri\ (4ed to the web in order to take advantage of 
the Uraring effect that the web exerts on the uprights. 
The strength of the uprights and the strength of the 
rivet connection are intei"(le])en(lent : one cannot be 
found unless the other is known. Obviously, then, 
any calculations would require the existence of a well- 



developed theoiy of the interaction between uprights 
and web. The discussion in part I showed the theory 
of interaction to be practically nonexistent; it is there- 
fore impossible at present to design the rivet connection 
between uprights and web on a very rational basis. 
The only possible approach to the problem by theor(»ti- 
cal means is to use the standard theory for shear in 
built-up structural columns; this theory may be found 
in many textbooks on structural engineering or strcMigth 
of structures, for instance, in reference 12. 

A minor criterion for a desirable riv{>t spacing can be 
established as follows for the case wheix^ the uprights 
are arranged on only one side of the web. In general, 
delaying the appearance of folds as long as possible 
will be desirable. To this end, the rivets attaching the 
uprights to tli(^ w(»b should be spaced closely enough 
to give to the web lh(^ ecpiivalent of a supported edge 
along the line of rivets. Test expericMice iiKhcates 
that, in most cases, one diagonal-tension fold forms at 
(^ach upright; that is, the wave length of the buckles is 
equal to the spacing of the uprights. In order to pre- 
vent this buckling at racli upright, the rivet pitch should 
be less than or at most equal to one-fourth the wave 
length of the folds or the upright spacing, that is 

If the rivet ])itch is increasc^l to ecpial the wave length 
or spacing, the folds can theoretically form across the 
uj)i'ights as though the uprights did not (wist; the width 
of plate to be used in foj-nuda (10) for the critical shear 
stress will then be the depth of the beam instead of 
the spacing of the ui)ivights and the critical sIk^u' 
stress will be very much reduced. Obviously, the ful- 
fiFment of this criterion for rivt^t pitch will be neither 
f(»asible nor lUM'essary on shallow b(\anis. 

Rivets connecting uprights and flanges. — The end 
rivet or rivets connecting the uprights to the flanges 
carry the loads from the uprights into the flanges. 
These loads are obtained by finding the stresses in the 
uprights with the aid of figure 4 and multiplying the 
stresses by the areas of the uprights. The stresses in 
the uprights vary along the uprights in accordance with 
the gusset factor shown in figure 14; in order to find 
the load on the end rivets, the stress in the upright 
should be taken at the upright-to-web rivet nearest the 
flange. 

An individual upright can evade general over- 
stressing to some extent by buckling and throwing tlu^ 
load on the adjacent uprights. The end rivets cannot 
evade overstressing with any degree of effectiveness; 
they should therefore be considered the same as 
fittings, and the loads transmitted by the upi'ights 
should be multiplied by a factor of at least 1.2 to obtain 
the design loads on the rivets when the com])ute(l 
stresses in the uprights are group averages. 
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Shear stiffness 

In diagonal-tension beams, the shear deilections are 
of appreciable magnitude compared with the bending 
deflections and cannot be ignored, as in most other 
types of beam. A knowledge of the shear stiffness of 
diagonal- tension fields is, therefore, of some practical 
interest. 

According to the basic assumption expressed by 
equation (7), there is a simultaneous action of shear 
force and diagonal- tension force. The total shear 
deformation is the sum of the deformations caused by 
these forces; the equivalent or effective shear modulus 
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Figure 25.— ElTective shear iikxIuIus (secant niodiiliis) of inc()iiii)lete diasjonal- 
tensioD field. 

Ge of the incomplete diagonal-tension field is therefore 
given by the equation 



1 ^^ l-k ^ k 
Ge G Go 



(24) 



where G is the shear modulus of the material of the 
sheet and Gdt is the effective shear modulus of the wel. 
when the web is working in pure diagonal tension. 

According to reference 1, the effective shear moduliii 
in |)iire diagonal tension is 



GnT~ 



E 



V(-?X'-?) 



(2.'5) 



In most practical cases, Gx can be neglected in this 
expression because the flanges must be made heavy 
to carry the primary beam stresses. For — o-^, the 
value (Tu is substituted because, in tliis paper, ajj is 
understood to be a compression stress. Finally, b}^ 



equation (3), a = 2T, assumhig that C2 can be taken as 
unity, and the formula for shear modulus becomes 



Gdt— ' 



E 



V 



1+ 



With the average value E=2.5G, this equation be- 
comes 

0.625G' 



Go 



(26) 



With the help of equations (24) and (26) and the 
design chart of figure 4, curves of the ratio GJG have 
been computed for four values of Au/td and for the same 
range of loading ratios r/rcr as used in figure 4. These 
curves are plotted in figure 25. The shear stiffnesses 
given by these curves are somewhat lower than the 
corresponding values from reference 5; in the practical 
range of Au/td, the difference is about 10 percent and 
varies but little with loading ratio up to loading ratios 
of 50. For the limiting cases of pure diagonal tension, 
the stiffnesses given by figure 25 agree with those of 
reference 5 witliin the accuracy of reading the curves. 
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TABLE I 



SCHEDULE OF N. A. C. A. STRAIN MEASUREMENTS 



Type of upright 


Web 


Spacing of uprights 


d=5in. 


d=10in. 


(i=20in. 


Tests on 20-inch beam 


I _. 


Clamped.- 


20-1 


20-2 
20-4 
20-6 
"20-7 


20-3 
20-5 


II 


do.-.- 




do.---... 




Do.-.. 


do.._ 














Tests on 10-inch beam 


I 


Clamped . . 




10-1 
10-3 
10-5 
10-7 




II 


do...- 


10-2 
10-4 
10-6 




I 


Free 




II 


do.... 











« For set-up 20-7, positions of typo I and type II uprights were interchanged as 
compared with positions on set-up 20-6. 



TABLE II 

EFFECT OF DIAGONAL TENSION ON BUCKLING OF 
UPRIGHTS 

^ Basic data from reference 19; f///i=0.2; Vt!Pe=Cu7; Ps = 



Specimen 




k 


l+fc2j9 




a^(l+fc2D) 




7.61 
4.65 
3.50 
3. 13 


0. 922 
. S72 
.670 
.720 


5. S.5 
3. 34 
3.56 
3. 96 


1.30 
.87 

1.01 
.79 


2 


3 


4. .-- 










.99 











o 



Positive directions of axes and angles (forces and moments) are shown by arrows 



Axis 




Moment about axis 


Angle 


Velocities 


Designation 


Sym- 
bol 


Force 
(parallel 
to axis) 
symbol 


Designation 


Sym- 
bol 


Positive 
direction 


Designa- 
tion 


S^^n- 
bol 


Linear 
(compo- 
nent along 
axis) 


Angular 


Longitudinal 


X 


X 


Rolling 

Pitching 

Yawing 


L 


Y >Z 


Roll 


e 


u 


P 


Lateral 


Y 


Y 


M 
N 


Z >X 


Pitch 

Yaw 


Normal. _ 


Z 


Z 


X — >r 


V 

w 


Q 












r 



Absolute coefficients of moment 
(rolling) (pitching) 



Angle of set of control sm*face (relative to neutral 
position), 6. (Indicate surface by proper subscript.) 



4. PROPELLER SYMBOLS 



D, Diameter 

Geometric pitch 

flD, Pitch ratio 

y , Inflow velocity 

Vsj Slipstream velocity 

T, Thrust, absolute coeflficient Ct= 

Q, Torque, absolute coeflHicient Cq= 



1 hp.=76.04 kg-m/s=550 ft-lb./sec. 
1 metric horsepower =1.0132 hp. 
1 m.p.h. = 0.4470 m.p.s. 
1 m.p.s.=2.2369 m.p.h. 



Power, absolute coefficient Cp= 

Speed-power coefficient =^j^ 
EflFiciency 

Revolutions per second, r.p.s. 



pn'D' 



_ Q 



Effective helix angle=tan~^^i^;j^^ 



5. NUMERICAL RELATIONS 



1 lb. =0.4536 kg. 

1 kg=2.2046 lb. 

1 mi. = l,609.35 m=5,280 ft. 

1 m=3.2808 ft. 



